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Abstract

A stochastic interpolant X, = a(t)Xo + b(t) X1 between two centred Gaussians induces,
through its conditional velocity field, a deterministic flow-matching map Ty pushing N (0, 3)
onto N'(0,%1). The quadratic-cost optimal-transport (Bures—Wasserstein) problem between
the same two Gaussians produces its own map Tor. The two are easily conflated: they share
domain, codomain, and pushforward, and on the favourite toy cases (isotropic covariances,
scalar variances) they coincide. We show this agreement is an accident of commutation.
For symmetric positive-definite endpoints the following are equivalent: [Xg, %] = 0; T} is
symmetric; T = To7; and 11 = 21/2281/2. Generically [Xg, ¥1] # 0, the flow-matching map
is non-symmetric and not the optimal-transport map, and the equality locus is a measure-zero
subset of the cone of covariance pairs. Symmetry is the discriminant: 77 is the time-ordered
solution of a linear ODE, while Tyt is the unique symmetric representative of the same
family of pushforwards. We further prove that T is schedule-independent unconditionally
— a flatness (zero-curvature) phenomenon, not a property of the commuting case alone.
A closed-form three-Dirac mixture serves as the empirical illustration; covariance-ellipse
experiments visualise the rotational “fingerprint” the non-commuting path leaves on T7.

1 Introduction

One sentence: the identification of flow matching with optimal transport is an accident of
commuting toy cases.

Generative modelling by flow matching and by optimal transport (OT) are often discussed
as if they were two names for one object. Both move a simple source law to a target law;
both, in the simplest examples one draws on a whiteboard, produce the same map. Stochastic
interpolants [ABV23; AV23] build a path X; = a(t)Xo + b(t) X1 between samples of the two laws
and learn the marginal velocity field v(z,t) = E[aXo + bX; | X; = x]; integrating & = v(x, 1)
transports the source to the target. This is the construction underlying flow matching [Lip+23;
Lip+24], rectified flow [LGL23], and the probability-flow ODE of score-based diffusion [Son+21].
Optimal transport, by contrast, picks out the cost-minimising coupling; for the quadratic cost
the Monge map is the gradient of a convex function [Bre91], and between Gaussians it is the
closed-form symmetric positive-definite (SPD) Bures—Wasserstein map [BJL19; OP82; Takl11].

The two constructions agree on isotropic Gaussians and on scalar variances — exactly the
cases on which intuition is built. We show that this is the exception, not the rule. For the
independent-coupling Gaussian interpolant the flow-matching map equals the OT map if and
only if the endpoint covariances commute, a measure-zero condition. The mechanism is sharp
and geometric: Ty is the time-ordered exponential of the (matrix-valued) velocity generator,
whereas ToT is the unique symmetric pushforward between the two Gaussians. When the
covariances fail to commute the time-ordering survives and T} acquires a non-trivial rotational
part — the path leaves a fingerprint on the endpoint map. Symmetry of 77 is precisely the
discriminant.



Contributions.

1. A single main theorem (Theorem 1): for SPD endpoints, the four statements “commute /
Ty symmetric / T} = Tor / T1 = E}/ 225 129 are equivalent, and generically all fail — flow
matching is not optimal transport.

2. A proof that T is schedule-independent unconditionally (Proposition 1), via the exact
flatness of the connection w = %dZ Y ~!. This corrects a common informal expectation that
the non-commuting case is schedule-dependent.

3. The structural decomposition 77 = 2%/201261/2 with O1 € SO(d) (Lemma 4), isolating
the entire symmetry defect of 77 into a single rotation, and the converse direction it powers.

4. A closed-form three-Dirac empirical illustration (Section 3) and covariance-ellipse experi-
ments (Section 4) rendering the commuting/non-commuting dichotomy visually.

What the equality is, and is not. Equality 71 = Tor is a symmetry (path-ordering)
condition on the generator family {A4;}, not an extremality condition on any information
functional of the marginals; this is why it reduces to operator commutation rather than to a
variational or entropic principle. The spectral invariants of ¥; (its log-determinant, entropy, the
Bures length) cannot see the distinction — it lives in the non-commuting, holonomy part of the
dynamics. This also clarifies the rectified-flow “straightness” programme [LGL23]: straightening
the marginal flow does not, in general, recover the OT coupling, even for Gaussians.

2 Setup

One sentence: the interpolant, its linear velocity, and the two maps we compare.

Let Xo, X1 be independent random vectors in R, A schedule is a pair a,b: [0,1] — R of C!
functions with the boundary data

a0) =1, b0)=0, a(l)=0, b(1)=1. (1)

The stochastic interpolant is X; = a(t)Xo + b(t)X;. Its marginal law p, is transported by the
marginal velocity field

o(z,t) =E[aXo+bX1 | Xy =2|,  Oipu + div(pw) =0, (2)
the conditional expectation being the L-projection of a.Xo + bX; onto functions of X; [ABV23].
Integrating the probability-flow ODE & = v(xz,t) from x ~ pg yields a sample of p, at every ¢
[Son+21].

Schedules. We use three throughout, all satisfying (1):

name a(t) b(t) character

linear 1—t¢ t straight sample paths; rectified flow
variance-preserving (VP) cos It sin It a® + b% = 1; no mid-path pinch
cosine 1(14cosmt) (1 —coswt) slow ends, fast middle

A schedule shapes the path, not the endpoints: the terminal law is always p;. One of our results
is that, in the Gaussian case, even the terminal map is schedule-independent (Proposition 1).



The two maps. For centred Gaussians Xo ~ N(0,%), X1 ~ N(0,%;) the velocity (2)
is linear, v(x,t) = Az (derived in Section 4), and the flow map ®; solves the matrix ODE
<i>t = A;®;, g = I. The flow-matching map is its endpoint T} := ®;. The Bures—Wasserstein
optimal-transport map — the Brenier map for the quadratic cost between the two Gaussians
[Bre91; BJL19] — is

Tor = 55 (220,52 Py = 10 - 0. (3)

Notation. X(,%; > 0 are SPD with d > 2 (the phenomenon is intrinsically multivariate;
for d = 1 all scalars commute and the statement is vacuous). ¥; := a(t)?Xg + b(t)?%; is the
interpolant covariance. We write [X,Y] := XY — Y X, and $1/2 for the unique SPD square
root of an SPD matrix. We always distinguish the flow-matching map 7} (generically non-
symmetric, an element of Gle') from the Bures—OT map Tor (always symmetric PD). The
two are never referred to jointly as “the transport map”: they share their pushforward and differ
only in symmetry, which is the whole point.

3 Empirical illustration: the three-Dirac mixture

One sentence: a closed-form, exactly-solvable instance that makes the transport — and the
flow-vs-OT contrast — wvisible.

Before the Gaussian theorem we exhibit the transport on a case where every object is in
closed form. Let Xy ~ N(0,1;) and let X; be a finite mixture of atoms,

K
Xl"“zwkéum wg > 0, kak:L
k=1

independently coupled. Conditioning on X1 = py, gives Xy | (X1 = ug) ~ N (bpx, a®Iy), so the
marginal is a closed-form Gaussian mixture

K
pe(x) =D wp N(@; b(t) ks, al(t)*Ia), (4)

k=1

and, with posterior (responsibility) weights vx(z,t) = wpN (2; bug, a*1)/ 3" ; wiN (x; by, a*T) =
Pr[X, = p | X = z], the velocity (2) is exactly

o t) = S+ (b 20) St t) o)
k

(5) follows from v = aE[Xo | Xi] + bE[X; | X{] together with E[X; | X; = z] = 32 vk and
E[Xo | X¢ =] = (x = b3 g yeur) /a [AV23].

Integrating & = v(z,t) from X, samples and colouring each trajectory by the atom it reaches
(the responsibility yx+ — 1) produces the three-colour partition of Figure 3. The schedule
bends the trajectories but never changes which atom a sample lands on — the terminal law is
schedule-invariant. Figure 4 overlays the (curved) flow-matching trajectories with the (straight)
semi-discrete OT trajectories into the Laguerre cells of the three atoms [PC19]: even in this
mixture case the flow-matching paths are not the OT paths, foreshadowing the Gaussian theorem.

4 The Gaussian case: when flow matching is optimal transport

One sentence: symmetry is the discriminant, and the optimal-transport map is the symmetric
representative of the flow-matching pushforward.



Closed-form marginal: a Gaussian blob splitting into three atoms
pt (linear, t=0.15) pt (linear, t=0.5) pt (linear, t=0.9)
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Figure 1: The closed-form Gaussian-mixture marginal p; of (4) (K = 3 atoms, d = 2) at several times,
flowing from the isotropic base N'(0, I) towards the three target modes.
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Figure 2: Validation of the closed-form velocity (5) against automatic differentiation of log p;. The two
agree to integration tolerance, certifying the reference field used for the trajectories.

4.1 The linear velocity and the covariance path

For independent centred Gaussians the joint law of (Xg, X1, X;) is Gaussian, so the conditional
expectation (2) is linear: v(x,t) = A;x with

A= (aaSo+ 0035 =15, 57 8 =a"S0 + 0%, X =2aa%o+20b%.  (6)
The flow map solves the linear matrix ODE
b, = Ay, oy =1, T = ®. (7)

Admissibility ¥; > 0 holds for all ¢ whenever (a(t), b(t)) # (0, 0), since a non-negative combination
of SPD matrices is SPD.

4.2 The theorem

Theorem 1 (Flow matching = optimal transport <= commutation). Let ¥y, > 0 in
dimension d > 2 and let (a,b) be any admissible schedule (1). The flow-matching map Ty of (7)
is independent of the schedule (Proposition 1), and the following are equivalent:

(i) [Zo, 4] = 0;
(ii) T4 is symmetric;

(lll) T1 = TOT;'



Same endpoints, different paths — the schedule bends the trajectories

linear variance-preserving cosine

Figure 3: Flow-matching trajectories of & = v(x,t) from A (0, I) to a three-Dirac mixture, coloured by
terminal atom, under the three schedules of Section 2 side by side. The schedule changes the bending of
the paths, not their terminal atom.

(iv) Ty = 21/ 228 1/2 (the schedule-independent commuting map).

Generically — whenever [3g,X1] # 0 — T is non-symmetric and Th # Tor. The equality
locus {[X0,X1] = 0} is a measure-zero (lower-dimensional) subset of the SPDxSPD cone, so the
generic statement is Ty # Tor: flow matching is not optimal transport.

Hypotheses. Strict positive-definiteness of both endpoints (PSD is excluded: a near-singular
covariance breaks the Bures square root and the conditioning of (7)); C! schedule with the
boundary data (1); independent coupling of Xy, X; (the OT map (3) uses the optimal coupling,
the flow-matching map the independent one — the comparison is precisely between these two).
The proof is the cycle (i) = (iv) = (iii) = (i7) = (i) together with the schedule-independence
Proposition 1, which makes “T}” a well-defined function of (X, X;) alone.

4.3 Keystone: every 77 is a pushforward, and the symmetry reduction
Lemma 1 (Bures equation). Along (7), ®;X0®; = %; for all t; in particular TySoT, = 1.

Proof. Idea: <I>tEO<I>tT and Xy solve the same linear (Lyapunov) Cauchy problem. Let P, :=
CIJtZO(IDtT, so P, = AP, + PtA:, Py = Xy. Since A; = %2,52[1 and X, %y, Et_l are symmetric,
Ay = %St = ZtA;r, hence A;>; + EtA;r =3, and ¥, solves the same problem with the same
initial value. By uniqueness P; = ;. ]

Lemma 1 holds for every admissible pair, commuting or not: T} is always a linear pushforward

N(O, 20) — N(O, 21)

Lemma 2 (Uniqueness of the symmetric pushforward). TSI T = ¥y has a unique symmetric
PD solution, namely Tor.

Proof. Idea: conjugate by 2(1)/ % and read off a square root. Tor is symmetric PD and substitution
into (3) gives TorXoTor = X1. For uniqueness, let T' be symmetric PD with T%¢T = ¥; and
set C := N5/ 2Tx}/? (symmetric PD). Then C2 = £/ 2(T8,TT)y/? = 50251552 = B = 0, so
C is the unique SPD square root BY/2, whence T = 261/231/2281/2 =Tor. O

Corollary 1 (Symmetry reduction). T} = Tor <= T} is symmetric. The forward implication

is immediate (Tor is symmetric). The reverse is delivered by the converse (Proposition 2): a

E}/2261/2

symmetric Ty forces [Lo,¥1] = 0, whence T} = =Tor > 0 by Lemma 3. Positivity is



Flow matching # optimal transport (same marginals, different coupling)

Optimal transport: straight lines into Laguerre cells Flow matching (linear): curved, independent coupling
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Figure 4: Flow-matching (curved) versus semi-discrete optimal-transport (straight, into the Laguerre
cells) trajectories for the same source and target. The flow-matching map is not the optimal-transport
map already at the level of paths.

thus a consequence of symmetry, not a separate hypothesis to be secured first. The whole problem
becomes: when is T} symmetric?

4.4 Schedule-independence is a flatness theorem

Proposition 1 (Schedule-independence). T depends only on the endpoints (X0, 31), not on the
schedule (a,b) — indeed not on the path within the affine plane {uXg + v¥; : u,v > 0}. This
holds unconditionally, for commuting and non-commuting pairs alike.

Proof. Idea: Ty is the parallel transport of a flat connection on a simply connected region.
Parametrise ¥ = uX + 021 (u = a?,v = b%). Along any schedule & &1 = %Z »l = w(B),
so @ is the path-ordered integral of the matrix one-form w = %dE Y = Pdu + Qdv with
P = %EOE_l, Q = %212_1. First, the cancellation identity YoX"1¥; = 317 18g: writing
Yo = ufl(E — 1}21),

YoXTIE = w (B — o BTIE) = 58,
Hence the curvature vanishes,
P —0,Q + [P,Q] = (2127180 — So2 71827+ L(ZenTE - EiBTIgg) s = 0.

The region {u,v > 0} is convex, hence simply connected; by flatness the path-ordered integral
of w is invariant under homotopies rel endpoints, and every admissible schedule traces a curve
from ¥ = ¥ to ¥ = X1 there. Thus ®; is the same matrix for every schedule. ]

Remark 1. Proposition 1 corrects the informal expectation that the non-commuting case is
schedule-dependent. The schedule supplies zero knobs on T7; one cannot attack the theorem
by exhibiting two schedules with different 77. The information-theoretic functionals of ¥; (the
log-determinant %log det 3, entropy, KL) are spectral invariants and cannot detect equality
T, = Tor — it is a path-ordering / holonomy phenomenon on the generators, not an entropic
extremum. Numerically, the three schedules of Section 2 give the same T} to 5 x 107® on the
strongly non-commuting witness of Section 4.8.



4.5 Forward direction: commuting = equality

Lemma 3 (Commuting case). If [¥o,21] =0 then T1 = 21/2261/2 = Tor, and this matriz is
symmetric.

Proof. Idea: inside a commutative algebra the time-ordered exponential telescopes to an ordinary
one. If [, 1] = 0 then Xy, 3 lie in a commutative *-subalgebra A closed under the analytic
functional calculus, so ¥, Y; € A and all mutually commute. There A; = %21«251 =1d gy,

— 2dt
and since all A; commute the time-ordered exponential collapses,
1 1
T = Texp/ Apdt = exp/ Ay dt = exp(%(log Y1 — log Eo)) = 21/2281/2,
0 0

which is symmetric (commuting square roots). In the commuting case (2(1)/ 2212(1)/ 2)1/ 2 =

2(1)/221/2, so Tor = 261/225/221/22071/2 = 21/2281/2 = Tj. This is manifestly schedule-
independent. 0

Remark 2 (The Magnus trap). The one load-bearing step above is “because the A; commute,
Texp = exp”. Writing ® = A,® = & = exp | A unconditionally silently drops the second Magnus
term Qg = % Jf;<1[As, Ag] ds dt, which is legal only because commutation gives [As, Af] =0 — a
fact that must be derived (all A; € A), never assumed. Off the commuting locus Q9 # 0 and
equality fails. We do not attempt the converse by bounding 23 (a known swamp); we route
through symmetry.

Lemma 3 gives (i) = (iv) = (ii7), and (4i7) = (4¢) is immediate since Tor is symmetric.

4.6 Orthogonal factorisation, positivity, and the converse

Lemma 4 (Orthogonal factorisation). 77 = 21/201261/2 with O1 € SO(d). Writing Sy = 2151/2’

the rotation solves Op = GOy, Oy = I, with antisymmetric generator Gy = %[S‘t, St_l], and
(%4, %] = 2ab(ab — ba) [Zo, X1], so  Gy=0 <= [20, %] =0.

The set of all linear pushforwards N'(0,%X0) — N(0,%1) is the O(d)-orbit {21/20261/2 N ONS
O(d)}; its unique symmetric positive-definite representative is Tor (Lemma 2), attained at some
O, € SO(d) (indefinite symmetric elements of the orbit may exist but are never realised by the
flow, by Proposition 2). Hence Ty = Tor <= 01 = Ok.

Proof. Idea: 2;1/2@,52(1]/2 is orthogonal by Lemma 1. By Lemma 1, Oy := 2;1/2@,52(1)/2 satisfies
0:0, = I, with Oy = I and det O; > 0 by continuity, so O; € SO(d) and T} = 21/201251/2.
Differentiating ®; = StOtZal/Q and using (7) together with S8y + 5,8 = 3y yields Oy =
GOy, Gy = %(StSt_ - S; 15}), antisymmetric. The displayed commutator identity is a direct
computation from (6). O

Remark 3 (Positivity is a corollary, not a hypothesis). We do not prove (ii) = (iii) as an
independent lemma. The minimal equivalence cycle below is (i) = (iv) = (i) = (ii) = (3),
which never uses “a symmetric 77 is positive-definite”. Once the cycle closes, positivity comes
for free: a symmetric T} is, by the converse (Proposition 2), forced onto the commuting locus,

whence T = 21/2261/2 = Tor > 0 (Lemma 3) — a bona fide OT map. This routing avoids
the tempting but invalid argument that “det ®; > 0 plus real eigenvalues forces positivity”: a
positive determinant forbids only an odd number of negative eigenvalues, and the path-from-/
continuity is defeated by a complex-conjugate pair rejoining the real axis at a negative value, so
no purely topological argument closes it. We do not need it: Proposition 2 does the work, and
an indefinite symmetric 77 simply never arises.



It remains to prove the substantive converse.
Proposition 2 (Converse). If T} is symmetric then [$o, X1] = 0.

Proof. Idea: the antisymmetric part of Th is, to first order, the commutator map H — [Xo, H],
which is onto so(d); rigidity then pins the zero set to the commuting variety locally, and a
closed form for Ty — hidden by the orthogonal frame — closes it globally. We argue directly on
the antisymmetric part asym(7}) := %(Tl — TIT ) — without invoking orbit-uniqueness, which
would beg the question (indefinite symmetric elements of the orbit of Lemma 4 are not a priori
excluded). By Lemma 4, T} = Ei/ 01 Xy /2 With the rotation O; driven by the antisymmetric
generator Gy; symmetry of 77 means exactly asym(77) = 0.

Step 1 (infinitesimal obstruction). Off the commuting locus [, %] = 2ab(ab — ba)[o, $1]
is nonzero on a set of ¢t of positive measure, so Gy # 0 and O; genuinely rotates. Writing
Y1 = Xo + eH and expanding, the antisymmetric part of T} is e ¢ [Zo, H] + O(¢?) with ¢ # 0 a
schedule-independent constant; the linear map H +— [¥¢, H] has image all of so(d) (dimension
d(d—1)/2). Thus S: ($0,%1) — (T — T}") € so(d) is a submersion transverse to 0 in the
non-commuting directions along the commuting variety.

Step 2 (local rigidity, on the regular locus). S is real-analytic (the ODE flow and the
SPD square root are real-analytic in the entries). Its zero set contains the commuting variety

= {[X0,21] = 0}. The transversality of Step 1 requires H — [¥, H] to have full rank
d(d — 1)/2; this holds on the distinct-eigenvalue (regular) locus V**8 C V| where V is a smooth
real-analytic submanifold of codimension d(d—1)/2, but the rank drops on the eigenvalue-collision
sublocus (e.g. 3¢ = diag(1,1,5) gives rank 2 < 3). On V™8 then, {S = 0} has codimension
exactly d(d —1)/2 and coincides with V' in a neighbourhood, so T} symmetric = commutation
there. The collision sublocus has codimension > 1 within V' and is therefore not isolated from
Vree; since S is real-analytic and {S = 0} is closed, the equality {S = 0} = V extends across
it by continuity from the dense regular part. Hence, near the entire commuting variety, 7T}
symmetric = commutation.

Step 3 (closure via the closed form). Steps 1-2 give the result on a neighbourhood of V; the
global statement, for every dimension and every SPD pair, follows at one stroke from a closed
form for T that the orthogonal frame — where the holonomy O; = Texp [ G; is genuinely
non-abelian and transcendental, which is why a far-away winding looked possible — hides. By
Proposition 1 we may evaluate on the affine schedule ¥y = Yo+ 7B, B = X1 — Xy, where the drift
is Ay = 3B(S0+7B) " = LK(I + 7K)™! with K := BY;!. Every A, is a rational function of
the single matrix K, so [As, A;] = 0: time-ordering is vacuous and

1
T = exp/ Ardr = exp(3log(I + K)) = (I + K)Y/? = (213512,
0

the principal square root (real and unique, as 31X ! has positive spectrum). If T} = TlT then
T? = 21261 is symmetric, i.e. 21251 = ZalEl, i.e. [X0,%1] = 0. The non-abelian holonomy
measured in the orthogonal frame is pure gauge — removed by the congruence Etl / 2, it does not
survive in 77 — so there is no far-away component of {S = 0} and no conditioning hypothesis:
{S = 0} is literally the commuting variety V. Steps 1-2 are the infinitesimal shadow of this one
identity, and the d = 2 abelian case (17 = exp( fol Gt dt) exactly) is a special instance. O

Remark 4 (Calibration, honest). With the closed form T; = (£1X;1)1/? the converse is fully
rigorous, dimension-free, and unconditional — the same tier as the forward direction — for all
d and all SPD pairs, with no conditioning hypothesis and no remaining global gap. Steps 1-2
(local transversality, on the regular locus) are retained as the geometric picture but are no longer
load-bearing: the closed form subsumes them. The earlier “medium-confidence” calibration of
the d > 3 converse, and the conjectured far-away winding component, are withdrawn — the
apparent difficulty was an artefact of the transcendental orthogonal frame; in the lab frame the



Covariance ellipses 3; = a%3, + b23; — commuting pair
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linear variance-preserving cosine
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Figure 5: Commuting pair: the covariance ellipse 3; keeps its principal axes fized; only the axis lengths
breathe along the path. The schedule changes the breathing, never the endpoint map.

Covariance ellipses %; = a2 + b2%; — non-commuting pair (note the rotation)

non-commuting non-commuting non-commuting
linear variance-preserving cosine

Figure 6: Non-commuting pair ¥y = diag(2, 1), ¥1 = R,/ diag(4, l)RI/G: the principal axes visibly
rotate along the path. This rotation is the geometric incarnation of the antisymmetric generator G
(Lemma 4) and the source of the symmetry defect in the flow-matching map 7.

drift matrices commute and 77 = (X%, 1)1/ 2 is algebraic. The numerical sweeps (a 9000-pair

adversarial search across d € {2,3,4}, a ~108-pair prior corroboration) are now sanity checks
on an exact theorem rather than its evidential basis. The forward direction, the reduction
(Lemma 1, Lemma 2), the schedule-independence (Proposition 1), and the generic statement
Ty # Tot were already unconditional; the converse now joins them.

This closes the cycle (i) = (iv) = (i7i) = (i7) = (i) and proves Theorem 1.

4.7 Geometry of the dichotomy

Figures 5 and 6 show the covariance path ¥; = a?3g + b3 as evolving ellipses. When ¢, 3
commute the principal axes are firzed and only the axis lengths breathe; the dynamics “forgets”
the path and the maps collapse. When they do not commute the principal axes rotate along the
path — the visible signature of the antisymmetric generator Gy of Lemma 4, and the reason
T7 inherits a rotational defect. Figure 7 contrasts the interpolant covariance path with the
Bures—Wasserstein geodesic [Tak11l; Mod17]; Figure 8 shows the two maps acting on the unit
circle — T as a shear (rotation + stretch), Tor as a pure stretch.



Independent-coupling covariance path vs. the optimal-transport geodesic

commuting: paths coincide

—— interpolant 3 (linear)
——- Bures geodesic 2{*°

non-commuting: independent bridge # optimal bridge

—— interpolant 3, (linear)
44 —=- Bures geodesic 3§

Figure 7: The interpolant covariance path ¥, = a3y + >3, against the Bures—Wasserstein geodesic
between N(0,g) and A (0,%1). They share endpoints but trace different paths through the cone of

covariances.

Flow map vs. Bures OT map — same target ellipse, different point images

commuting: T; = Tor (segments vanish)

non-commuting: points slid by the polar rotation
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6 ..... I, ellipse (shared image) 6 1 ..... 3, ellipse (shared image)
@ Torimage @ Torimage
® Tiimage ® Tiimage
4 .-’"‘”‘u 4
L *
B = “"Q
5 . 2 = at ®
0 * . 0 Y { Y
* . Y '.
-2 -2 - ...0
41 0..’..0 _41
-6 -6
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

Figure 8: Action of the flow-matching map 73 versus the Bures—-OT map Tor on the unit circle, for the
non-commuting witness of Section 4.8. Tj shears (a stretch composed with a rotation); Tor is a pure
(symmetric) stretch.

4.8 A non-commuting witness and a falsification sweep

A clean witness (X9 = ¢l would commute with everything, so it is banned):

So =diag(2,1), U1 = Ryediag(d, )R 5 [[So,S1]]| = 1.84 (#0). (8)

Identical across the linear, VP and cubic schedules to 5 x 107! (confirming Proposition 1), the
two maps are
l1.22024 0.52156]
1= ’

~ [1.25073 0.34834
0.26078 1.27043 oT = '

0.34834 1.22773

Then |73 — Ty || = 0.369 # 0 (non-symmetric); ||7% — Tor|| = 0.201 (not the OT map);
the polar decomposition 77 = QP gives Q = R_59s0 (the rotation defect O; # O,); and
spec(Ty) = {0.876,1.615} C (0,00) (the map is non-symmetric yet has positive real spectrum,
consistent with Remark 3), while 71 %07} = ¥ to the integration floor (Lemma 1). Figure 9
sweeps the commutator norm and tracks the symmetry residual s = |7} — T} || and the map
distance d = |71 — Tor||: both vanish as [£g, ¥;] — 0 and are bounded away from zero otherwise
— a single non-commuting pair with s = 0 would refute Proposition 2; none is found.

10
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Figure 9: Falsification sweep: the symmetry residual s = |7} —T}" || and the map distance d = || T}, —Tor||
as functions of the commutator norm ||[Xg, X1]||. Both collapse to zero exactly on the commuting locus,
as Theorem 1 predicts.

5 Discussion

One sentence: the rotational fingerprint, and what it means for the optimal-transport-versus-
flow-matching debate.

The flow-matching map and the optimal-transport map between two Gaussians are the same
pushforward dressed differently: T3 is the time-ordered exponential of the velocity generator,
an element of GL[J{; Tor is the unique symmetric representative of that pushforward on the
O(d)-orbit. The commutator [Xg, 31] is the exact obstruction, and the symmetry of 7} is the
discriminant. The arc is clean: in the commuting case everything diagonalises, the schedule
integrates out, and the maps collapse — the dynamics forgets the path; in the non-commuting
case the time-ordering survives, 77 picks up an antisymmetric part, and the path leaves a
fingerprint (the rotation —5.98° of the witness (8)).

Edge cases. Yy =% = Ty = Tor = I; X1 = ¢Xg = commute, with T} = /cI; d =1 is
vacuous (scalars commute), so the phenomenon is intrinsically multivariate. A pedagogical
caution: with ¥y = X; and the linear schedule the ellipse ¥; = ((1 — t)? + t?)Xq shrinks to
Yo/2att = % before returning — a real “breathing”, not a numerical artefact; the VP schedule
removes it (a? + b% = 1).

Implications. The result sharpens the rectified-flow “straightness” programme [LGL23]:
straightening the marginal flow does not, in general, recover the OT coupling, even between
Gaussians. More broadly it warns against reading flow matching as “OT under the hood”: the
agreement holds only on a measure-zero set, and the discrepancy is structural (a rotation), not
a discretisation error.

Limits and formalisation. The reverse direction, once the single open analytic item, is now
closed unconditionally in every dimension by the closed form Ty = (£;%,1)"/? (Proposition 2,
Step 3): symmetry of T forces ¥1%; ! symmetric, hence [2g, 3] = 0, with no conditioning
hypothesis. A companion Lean development formalises the commuting case via the basis-free
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identity T = exp %(log ¥ —log¥y) =

Ei/ 226 1z _ Tor, the cleanest route for a proof assistant

(no eigenbasis choice, robust under repeated eigenvalues); the global converse, now elementary
in the lab frame, is the next formalisation target rather than a firebreaked gap.
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